The discontinuous shear thickening (DST) of dense suspensions is a remarkable phenomenon in which the viscosity can increase by several orders of magnitude at a critical shear rate. It has the appearance of a first order phase transition between two "states" that we have recently identified as Stokes flows with lubricated or frictional contacts, respectively. Here we extend the analogy further by means of stress-controlled simulations and show the existence of a non-monotonic steadystate flow curve analogous to a non-monotonic equation of state. While we associate DST to an S-shaped flow curve, at volume fractions above the shear jamming transition the frictional state loses flowability and the flow curve reduces to an arch, permitting the system to flow only at small stresses. Whereas a thermodynamic transition leads to phase separation in the coexistence region, we observe a uniform shear flow all along the thickening transition. A stability analysis suggests that uniform shear may be mechanically stable for the small Reynolds numbers and system sizes in a rheometer.
The shear thickening of dense suspensions is a counterintuitive phenomenon in which, for some range of applied shear stress, the viscosity of a suspension increases, sometimes by orders of magnitude [1] [2] [3] . It is observed in systems that differ widely in the shape, type or size of the suspended solid material, or in the type of suspending liquid; it is even argued that most dense suspensions shear thicken, but the phenomenon may often be hidden by a yield stress [4, 5] . Despite being an inherently non-equilibrium phenomenon, shear thickening shares some strong similarities with an equilbrium phase transition. In Fig. 1 we show schematically the relation between the shear stress σ and the shear rateγ as it is commonly observed in experiments [3, [6] [7] [8] [9] . The curves observed at different volume fractions φ are reminiscent of the isotherms in a P -V diagram for a system undergoing a liquid-gas transition. This leads to an analogy between discontinous shear thickening (DST) and a first order transition.
Along this line of thought, Wyart and Cates [10] recently suggested that a non-monotonic flow curveγ(σ), as represented in Fig. 1 , underlies the discontinuity region, just as a first order transition stems from a nonmonotonic equation of state. For the liquid-gas transition, the S-shaped equation of state is never observed even in a volume-controlled experiment, because it leads to a coexistence region where the uniform system is no longer a global minimum of the free energy and the system phase separates. For DST, however, one cannot rely on a thermodynamic argument and we are restricted to mechanical considerations. For micellar systems, a mechanical stability analysis of the "spinodal" region (the region inside the coexistence region with dγ/dσ < 0) leads to an instability of the uniform flow towards shear banding, which is a mechanical phase separation [11, 12] .
Interestingly, even if many DST experiments show the thermodynamic-like behavior described in Fig. 1 with a shear rate plateau in the discontinuity region under stress-controlled conditions, some experiments instead show a non-monotonic rheology [13] [14] [15] , and a very recent study [16] clearly maps out a full S-shaped curve for a neutrally buoyant suspension of spheres; the experiments show bulk uniformity and hysteresis, but a rate dependence of the transition in the flow curve. Some related granular flows have been studied at fixed shear stress and showed a similar non-monotonicγ(σ) relation, but only as a transient [17] .
Here we address these properties of discontinuous shear thickening and non-monotonicity with numerical simulations of a model shear-thickening suspension of hard frictional spherical particles. The simulation model, which considers frictional contacts between suspended particles, has recently been shown to reproduce both CST and DST under rate control, as observed in experiments [18] [19] [20] [21] . Using an innovative stress-controlled scheme, we observe both the S-shaped flow curves and the arches sketched in Fig. 1 in steady state with a uniform flow, showing no mechanical instability leading to shear-banding or chaotic dynamics [22] .
Results
We simulate an assembly of inertialess frictional spheres immersed in a Newtonian fluid under simple shear flow. The system is binary, with radii a and 1.4a mixed at equal volume fractions. Hard particles in suspensions also interact through stabilizing repulsive forces, and in many shear thickening experiments this takes the form of an electrostatic double-layer force [13] . The equation of motion is thus simply the force balance between hydrodynamic (F H ), repulsive (F R ), and contact (F C ) forces which depend on the many-body position and ve- At low φ,γ(σ) is a strictly monotonic function and the shear thickening is continuous, appearing as an inflection in the curve. As φ increases, this inflection deepens, and at φ = φc a "critical" point (σc,γc) appears in which dγ/dσ = 0. For φ > φc the shear thickening is discontinuous. The discontinuity region (with constantγ) is analogous to a coexistence region (dot-dashed line). (Hysteresis is sometimes observed, in which case the discontinuity region would be analogous to a spinodal region.) The discontinuity region is only accessible under stress-controlled conditions. The putative nonmonotonic flow curves are plotted as dashed lines in the coexistence region, in analogy to the non-monotonic equations of state underlying a first order thermodynamic transition.
locity vectors X and U (≡Ẋ):
The hydrodynamic forces consist of two components, a drag due to the motion relative to the surrounding fluid, −R FU (X) · U − U ∞ , and a resistance to the deformation imposed by the flow,γR FE :Ê ∞ , where U ∞ i =γy iêx andÊ ∞ ≡ (ê xêy +ê yêx )/2 is the normalized strain rate tensor. The resistance matrices R FU and R FE contain the Stokes drag and the leading terms of the pairwise hydrodynamic lubrication interaction regularized to allow contacts [21, 23] . Contacts are modeled by a linear spring consisting of both normal and tangential components, with spring constants k n and k t , a simple model commonly used in granular physics [21] . Contrary to most granular physics models, however, there is no dashpot in our contact model, as the energy dissipation is provided by the hydrodynamic resistance. The electrostatic repulsion decays exponentially with the interparticle gap h as
The equation of motion (1) is completed by the constraint of flow at constant shear stress σ. At any time, the stress in the suspension is given by:
with η 0 the suspending fluid viscosity,
where R SU is a resistance matrix giving the lubrication stresses from particle velocities [21, 24] . At fixed shear stress σ the shear rateγ is the fluctuating variable that is to be determined at each time step bẏ
The full solution of the equation of motion (1) under the constraint of fixed stress (2) is thus the following velocity U :
We emphasize here that the stress control is deterministic, in the sense that the shear rate can be computed a priori, before applying the time step. This is a substantial advantage over the common technique of stress control using feedback, which adapts the shear rate based on the results of previous time steps. In particular, we do not have to introduce the relaxation time of the feedback loop as an additional time scale, and the shear stress of the system is strictly constant along the simulation. Boundary effects like layering are avoided by the use of periodic boundary conditions. It is also interesting to note that the time evolution (3) and (4) is valid even in a jammed state: we can haveγ = 0 and U = 0 if σ = σ R + σ C and F R + F C = 0. Lastly, the unit scale isγ 0 ≡ F * /6πη 0 a 2 for the strain rate and σ 0 ≡ η 0γ0 for the stress.
In Fig. 2 , we show the average shear rate as a function of the shear stress for several volume fractions φ. At the lowest values of φ theγ(σ) curves are monotonic and show a continuous shear thickening for 1 σ/σ 0 10. The flow curve becomes non-monotonic at φ = 0.56, and for φ = 0.57 and 0.58 the negative slope for intermediate stresses is clearly visible, showing that an S-shaped rheology curve lies behind the discontinuous shear thickening observed at the same volume fraction under a rate controlled simulation. Lastly, for φ > 0.58, the flow curves are arches and the system flows only for small values of the stress, as the shear rate vanishes above a stress σ max (φ). For σ > σ max (φ) the system cannot flow; it is in a shear jammed state, similar to the one observed in granular systems [26] . In our shear jammed states, the entire stress is supported by the repulsive and contact forces and particles have vanishing velocities. Unlike in a dry granular material, however, the system flows again Continuous shear thickening at the lowest φ is associated with monotonic flow curves, discontinuous shear thickening appears here as an S-shaped flow curve for φ = 0.56-0.58, and shear jamming is indicated by arch-shaped flow curves with a vanishing shear rate at high stresses for φ ≥ 0.59. Simulations are run with n = 500 particles except for φ = 0.58, for which we use n = 2000. Two data points with n = 4500, corresponding to the systems shown in Fig. 3 , are indicated by crosses. Right: The same data plotted as viscosity η versus shear rateγ are compared with silica suspension data from Cwalina and Wagner [25] (dashed lines, with corresponding volume fractions in parenthesis), by inferring the experimental value of the repulsive force amplitude as kBT /F * a = 1.6 × 10 −4 .
in steady state with a subsequent decrease in stress for σ < σ max (φ). (There is also a yield stress above which the system flows again, due to the deformation of the particles under shear, but this stress scale is significantly larger than σ max (φ) and we have not probed it.) This phenomenology is also present for the viscosity η as a function ofγ plotted in the right side of Fig. 2 , which shows the same non-monotonicity for φ > 0.56. We also show recent experimental data of Cwalina and Wagner [25] for silica suspensions in this figure. Besides an overall shift in volume fractions, which may be attributed to the sensitivity of the location of the jamming transition to microscopic parameters such as the friction coefficient and perhaps bidispersity, the two data sets agree remarkably within the continuous shear thickening regime. The system shows no sign of spatial heterogeneity within the dγ/dσ < 0 region, and the uniform shear flow is preserved. In the upper panel of Fig. 3 , we plot the instantaneous velocity profile at a stress σ/σ 0 = 2 for φ = 0.54 and φ = 0.58; both are in the shear thickening regime but with dγ/dσ > 0 for φ = 0.54 and dγ/dσ < 0 for φ = 0.58. The velocity profile is linear across the sample in both cases, indicating a uniform flow. The normalized fluctuations around the mean flow at particle level, |U i − U ∞ i |/γa, are shown as colorcoded snapshots in the lower panel of Fig. 3 . These normalized fluctuations are larger for the denser φ = 0.58 than for φ = 0.54 (they may actually diverge with the viscosity at the jamming transition, as a dissipation argument shows [27] ), but they do not show any structure associated with a phase separation. Neither do they show large fluctuations in the time series, as has been observed in some experiments [14] . We show the strain series of the shear rate for three system sizes in the negative slope region in Fig. 4 . The variance of the shear rate decreases with increasing system size n, and there is no sign of intermittency or macroscopically chaotic behavior. This indicates that the uniform shear is the steady state in this region.
For micellar systems, where one can observe a similar decreasing flow curve, the uniform flow is mechanically unstable against perturbations of the velocity field along the flow direction due to inertia ifγ and σ are instantaneously related through a decreasing flow curve [11, 12, 28, 29] . Our simulations are strictly inertialess, so it is natural to address the question of the validity of our results for the small but finite inertia observed in experiments. We carry out a linear stability analysis at a simplified scalar level for a suspension at a volume fraction φ and shear stress σ within the decreasing region of the flow curve. We show that the system is linearly stable to perturbations along the flow direction for small Reynolds numbers and finite system sizes because of a delay inherent to the microstructural reorganization in the suspension. (This analysis is close in spirit to the analysis provided by Nakanishi et al. [22] for an effective hydrodynamic model of shear thickening fluids, and it leads to similar conclusions.) Indeed the instantaneousγ and σ are linked through the microstructure of the system and not through their steady state relationγ * (σ). The number of frictional contacts and their anisotropy directly affect the relation betweeṅ γ and σ, and when there is a local perturbation the microstructure response requires strain to evolve. In the first approximation, we can account for this microstructural effect through a scalar variable f , the fraction of frictional contacts, such that at any time the viscosity (at The system shows no intermittency or exotic fluctuating or chaotic behavior and is in a simple steady state. Three sizes are shown: n = 500, 2000, 4500, from which we can see that the variance of the signal decreases with increasing n, as is expected for a steady uniform shear flow.
fixed volume fraction) is a unique function η(f ) [10, 21] . Building or destroying the contact network takes strain, and f (y, t) = f * + δf (y, t) can be assumed to evolve in the linear regime as
where K is a memory kernel that depends on the initial steady state stress σ * . In the simple case of an exponential relaxation of the contact network K(γ − γ ) = K e −c(γ−γ ) on a strain scale c −1 , one can show that the momentum equation describing the flow is stable against perturbations of the velocity and shear stress fields of the form δv(y, t) = w(t)e iky and δσ(y, t) = r(t)e iky if the Reynolds number is smaller than a critical Re c :
The details of the computation are given in the Supplementary Material. Discussion Our numerical simulations and the linear stability analysis indicate that it may be possible to observe the S-shaped rheology in experiments, and S-shaped flow curves have recently been observed for a neutrally-bouyant suspension of spheres [16] . The simulation does not capture the hysteresis and rate-dependent onset of the re-entrant portion of the flow curve seen in these experiments, perhaps because of the imposition of steady flow under constant stress control. In some stress-controlled experiments the DST shows up in thė γ(σ) curve as an intermediate plateau with dγ/dσ = 0. The Reynolds numbers involved in these experiments are often within the range for which our stability analysis predicts a stable uniform shear flow, so deep stable Sshaped flow curves would be noticed in the experimental data. For polymer beads in glycol [13] and comb polymer coated PMMA beads in various organic solvents [14] at volume fractions similar to the ones studied in this article, experiments show first a decrease and then a plateau for the shear rate above the discontinuous shear thickening onset stress. For precipitated calcium carbonate suspensions, a linear decrease of the shear rate is sometimes observed [30, 31] . A recent experiment on fluidized gypsum suspensions in water [15] shows the arching flow curves associated with shear jamming resembling the ones we obtain in this work for φ > 0.58. It then seems that the decreasing flow curve is stable under some conditions, but that most of the time it is hidden by another phenomenon leading to a shear rate plateau.
Our stability analysis is highly restrictive, and the absence of non-monotonic flow curves in some experiments could be a consequence of another type of instability. To this end, a stability analysis extended to at least two dimensions would be valuable, but for now we are limited by the rather simplistic constitutive connection between the microstructure and the rheology. Furthermore, the "order parameter" f is a scalar, and we neglect the volume fraction field and its fluctuations. Finally, another important point may be the neglect of the small but finite macroscopic elasticity, which can stem from a conservative interaction between particles or a finite Brownian motion: this elasticity can sometimes cause an instability [32] .
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